QCD evolution of naive-time-reversal-odd fragmentation functions by Kang, Zhong-Bo
ar
X
iv
:1
01
2.
34
19
v1
  [
he
p-
ph
]  
15
 D
ec
 20
10
QCD evolution of naive-time-reversal-odd fragmentation functions
Zhong-Bo Kang∗
RIKEN BNL Research Center, Brookhaven National Laboratory, Upton, NY 11973, USA
(Dated: November 9, 2018)
We study QCD evolution equations of the first transverse-momentum-moment of the naive-time-
reversal-odd fragmentation functions - the Collins function and the polarizing fragmentation func-
tion. We find for the Collins function case that the evolution kernel has a diagonal piece same as
that for the transversity fragmentation function, while for the polarizing fragmentation function
case this piece is the same as that for the unpolarized fragmentation function. Our results might
have important implications in the current global analysis of spin asymmetries.
I. INTRODUCTION
The phenomenon of single transverse-spin asymmetry (SSA), AN ≡ (σ(S⊥)−σ(−S⊥))/(σ(S⊥)+ σ(−S⊥)), defined
as the ratio of the difference and the sum of the cross sections when the transverse spin vector S⊥ is flipped, was first
observed in the hadronic Λ production at Fermilab in 1976 as a surprise [1]. Since then large SSAs (or other related
spin effects) have been consistently observed in various experiments at different collision energies [2], such as Sivers
and Collins asymmetries in the semi-inclusive hadron production in deep inelastic scattering (SIDIS) and in hadronic
collisions [3, 4], as well as the large cos(2φ) anomalous azimuthal asymmetry in back-to-back dihadron production in
e+e− annihilation [5].
To understand all these non-trivial and interesting spin effects and to explore the physics behind these asymme-
tries, two QCD-based approaches have been proposed and widely applied in the phenomenological studies [6–12]:
the collinear twist-three factorization approach [13] and the transverse momentum dependent (TMD) factorization
approach [14–18]. These two approaches apply in different kinematic domain, and have been shown to be equivalent
in the overlap region where they both apply; thus provide a unified QCD description for these spin effects [19]. In the
collinear twist-three factorization approach, the spin effect depends on certain twist-three multi-parton correlation
functions. On the other hand, in the TMD factorization approach, the spin effect could be described in terms of TMD
distributions and fragmentation functions. These twist-three multi-parton correlation functions are closely related
to the TMD functions. For example, so-called Efremov-Teryaev-Qiu-Sterman quark-gluon correlation function is the
first transverse-momentum-moment of the Sivers function [18].
The spin effect could be generated from either the spin correlation in the parton distribution functions, among which
the Sivers [14] and Boer-Mulders [17] functions are the important examples; or the spin correlation in the fragmentation
functions, among which the Collins function [15] and polarizing fragmentation function [16] are the important ones.
Although all these four functions are naive-time-reversal-odd (T-odd), they have very different universality properties.
For both Sivers and Boer-Mulders functions, it has been shown that they differ by a sign for the SIDIS and Drell-
Yan (DY) processes [20]. On the other hand, both Collins function and the polarizing fragmentation function have
been argued to be universal between different processes [21–26]. The different universality properties are connected
with the non-trivial initial- and final-state interactions between the active parton and the target remnant [27], whose
interesting consequences remain to be tested in the future experiments [7, 26].
On the fragmentation side, both Collins function and polarizing fragmentation function have been widely used in
describing the spin asymmetries observed in the experiments. Collins function describes the transversely polarized
quark jet fragmenting into an unpolarized hadron, whose transverse momentum relative to the jet axis correlates with
the transverse polarization of the fragmenation quarks. It has been believed to be responsible for the azimuthal asym-
metry A
sin(φh+φs)
N observed in SIDIS [3], and the cos(2φ) asymmetry observed in back-to-back dihadron production in
e+e− annihilations [5]. On the other hand, polarizing fragmentation function describes the distribution of transversely
polarized hadron in an unpolarized quark, through a correlation between their relative transverse momentum and the
hadron transverse spin vector, which have been believed to be responsible for the Hyperon polarization observed in
the experiments [28].
The first transverse-momentum-moment of the Sivers and Boer-Mulders functions corresponds to twist-three quark-
gluon correlation functions Tq,F (x, x) and T
(σ)
q,F (x, x) [18], for which the QCD evolution equations have been studied
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2by various authors [29–32]. On the other hand, the corresponding fragmentation correlation functions connected to
the first transverse-momentum-moment of the Collins function and the polarizing fragmentation function have been
identified only recently [25, 26]. The purpose of our paper is to derive the QCD evolution equations for these relevant
fragmentation correlation functions. QCD evolution equations are important in the sense that they control the energy
dependence of the associated spin observables, also they enable us to evaluate the higher-order corrections to the
spin-dependent cross sections systematically.
II. EVOLUTION EQUATIONS
To start, we recall that the eight leading-twist TMD fragmentation functions could be defined from the following
correlator
∆(zh, p⊥) =
1
zh
∫
dξ−d2ξ⊥
(2π)3
eik
+ξ−−i~k⊥·~ξ⊥〈0|Lξψ(ξ)|PSX〉〈PSX |ψ¯(0)L
†
0|0〉, (1)
where a factor 1/2Nc from the average over the spin and the color of the fragmenting quark is suppressed. P is the
momentum of the final-state hadron with spin S, which has a transverse component p⊥ relative to the momentum k
of the fragmenting quark. We choose the hadron to move along the +z direction, and define two light-like vectors:
n¯µ =
[
1+, 0−, 0⊥
]
, nµ =
[
0+, 1−, 0⊥
]
. (2)
The momentum fraction zh = P
+/k+, and ~k⊥ = −~p⊥/zh. To ensure gauge invariance, we have explicitly written out
the gauge link Lξ = P exp
(
−ig
∫∞
0
dλn · A(ξ + λn)
)
.
The correlator ∆(zh, p⊥) could be expanded as follows [16, 17]
∆(zh, p⊥) =
1
2
[
D1(zh, p
2
⊥)n¯/ + λhG1L(zh, p
2
⊥)γ
5n¯/+H1(zh, p
2
⊥)iσαβγ
5n¯αSβ⊥
+D⊥1T (zh, p
2
⊥)
ǫαβρσγ
αn¯βpρ⊥S
σ
⊥
Mh
+H⊥1 (zh, p
2
⊥)
σαβp
α
⊥n¯
β
Mh
+G1T (zh, p
2
⊥)
~p⊥ · ~S⊥
Mh
γ5n¯/+ λhH
⊥
1L(zh, p
2
⊥)
iσαβγ
5n¯αpβ⊥
Mh
+H⊥1T (zh, p
2
⊥)
~p⊥ · ~S⊥p
β
⊥ −
1
2~p
2
⊥S
β
⊥
M2h
iσαβγ
5n¯α
]
, (3)
where λh is the hadron helicity and Mh is the hadron mass. Out of the above eight TMD fragmentation functions,
D1(zh, p
2
⊥), G1L(zh, p
2
⊥), and H1(zh, p
2
⊥) are p⊥-even functions and correspond to the unpolarized, longitudinally and
transversely polarized distributions in the fragmentation. They are related to the leading-twist collinear fragmentation
functions after integrating over p⊥, for which the QCD evolution equations have been well-known [33, 34]. All other
five TMD fragmentation functions are p⊥-odd functions in the sense that they vanish if integrate over p⊥ directly.
However, for D⊥1T (zh, p
2
⊥), H
⊥
1 (zh, p
2
⊥), G1T (zh, p
2
⊥), and H
⊥
1L(zh, p
2
⊥), their integral over p⊥ after first weighted by
p2⊥ (called “first p⊥-moment”) lead to the twist-three collinear fragmentation correlations; for H
⊥
1T (zh, p
2
⊥), the non-
vanishing integral needs to be weighted by even higher power p⊥ and actually corresponds to twist-four fragmentation
correlation.
In this paper, we are particularly interested in deriving the QCD evolution equations for the first transverse-
momentum-moment of H⊥1 (zh, p
2
⊥) and D
⊥
1T (zh, p
2
⊥): H
⊥
1 (zh, p
2
⊥) is the Collins function, and D
⊥
1T (zh, p
2
⊥) is the
polarizing fragmentation function, which have been the main focus in the phenomenological studies. Their first
transverse-momentum-moments have been identified recently, and given by the following fragmentation correlation
functions [25, 26]
Hˆ(z) =
z2
2
∫
dξ−
2π
eik
+ξ− 1
2
{
Trσαβnβ〈0|
[
iD⊥α + g
∫ ∞
ξ−
dη−F+α(η
−)
]
ψ(ξ−)|PSX〉〈PSX |ψ¯(0)|0〉+ h.c.
}
, (4)
Tˆ (z) = z2
∫
dξ−
2π
eik
+ξ− 1
2
{
Trn/〈0|ǫnn¯S⊥α
[
iD⊥α + g
∫ ∞
ξ−
dη−F+α(η
−)
]
ψ(ξ−)|PSX〉〈PSX |ψ¯(0)|0〉+ h.c.
}
, (5)
3where Dα⊥ = ∂
α
⊥ − igA
α
⊥ is the covariant derivative, F
αβ is the gluon field strength tensor. Hˆ(z) and Tˆ (z) are related
to the Collins function H⊥1 (zh, p
2
⊥) and polarizing fragmentation function D
⊥
1T (zh, p
2
⊥) as follows:
Hˆ(z) =
∫
d2p⊥
|~p⊥|
2
Mh
H⊥1 (z, p
2
⊥), (6)
Tˆ (z) =
∫
d2p⊥
|~p⊥|
2
Mh
D⊥1T (z, p
2
⊥). (7)
According to Refs. [25, 26, 35], the above defined one-variable fragmentation correlations belong to the more general
twist-three two-variable fragmentation correlations, which are defined as
HˆD(z1, z2) =
z1z2
2
∫
dξ−
2π
dη−
2π
eik
+
2
ξ−eik
+
g η
− 1
2
{
Tr σαβnβ〈0|iD⊥α(η
−)ψ(ξ−)|PSX〉〈PSX |ψ¯(0)|0〉+ h.c.
}
, (8)
TˆD(z1, z2) = z1z2
∫
dξ−
2π
dη−
2π
eik
+
2
ξ−eik
+
g η
− 1
2
{
Trn/〈0|ǫnn¯S⊥αiD⊥α(η
−)ψ(ξ−)|PSX〉〈PSX |ψ¯(0)|0〉+ h.c.
}
, (9)
where k+g = k
+
1 − k
+
2 with k
+
1 = P
+/z1 and k
+
2 = P
+/z2. Similarly, one can define the corresponding F -type
fragmentation correlations HˆF (z1, z2) and TˆF (z1, z2) by replacing D
α
⊥ by gF
+α in Eqs. (8) and (9). By using the
equation of motion, D-type and F -type functions are related to each other [18, 25, 36]
HˆD(z1, z2) = PV
(
1
1
z1
− 1
z2
)
HˆF (z1, z2) + δ
(
1
z1
−
1
z2
)
z1
z2
Hˆ(z2), (10)
TˆD(z1, z2) = PV
(
1
1
z1
− 1
z2
)
TˆF (z1, z2) + δ
(
1
z1
−
1
z2
)
z1
z2
Tˆ (z2), (11)
where PV stands for principle value. The above equations show that HˆD and TˆD are more singular than their
corresponding F -type functions HˆF and TˆF at z1 = z2. Moreover, recent study has shown that HˆF (z1, z2) and
TˆF (z1, z2) vanish when z1 = z2 [22, 23]. Therefore, it is more convenient to use the set of
{
Hˆ(z), HˆF (z1, z2)
}
and{
Tˆ (z), TˆF (z1, z2)
}
when we derive the evolution equations, as we will follow below.
P
k
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FIG. 1: Feynman diagram representation: (a) the first transverse-momentum-moment of TMD fragmentation functions, (b)
evolution contribution from itself: ℓq ≈ P/z + ℓq⊥ , (c) evolution contribution from the two-variable F -type fragmentation
correlations: ℓq = P/z, ℓq1 = P/z1, and ℓg = ℓq − ℓq1 .
The fragmentation correlations Hˆ(z) and Tˆ (z) could be represented by the same cut forward scattering diagrams
as sketched in Fig. 1(a), but with different cut vertices which are used to connect the operator definition of the
fragmentation correlations to the cut forward scattering Feynman diagrams. The standard way to derive the cut
vertex is to express the operator definition of the correlation functions in terms of hadronic matrix elements of quark
and gluon operators in momentum space, for details, see [29]. The cut vertices for Hˆ(z) and Tˆ (z) as represented in
Fig. 1(a) are given by
Hˆ(z) :
z2
4
δ
(
k+ −
P+
z
)
i γ · k⊥γ · n, (12)
Tˆ (z) :
z2
2
δ
(
k+ −
P+
z
)
γ · nǫnn¯S⊥k⊥ , (13)
where k⊥ is the transverse momentum of the fragmenting quark with respect to the final hadron momentum.
4Let’s now explain how to derive the evolution equations. We will work in the light-cone gauge n ·A = 0. In order to
derive the evolution equations and evolution kernels from the operator definitions of the fragmentation correlations,
one needs to compute the perturbative modification to these functions caused by the quark-gluon interactions in QCD.
For both Hˆ(z) and Tˆ (z), the perturbative modification could come from either these correlation functions themselves,
as shown in Fig. 1(b); or the corresponding F -type fragmentation correlations, as shown in Fig. 1(c). Since both Hˆ(z)
and Tˆ (z) correspond to the operator ∼ 〈0|∂⊥ψ|PSX〉〈PSX |ψ¯|0〉, i.e., the partial derivative in the quark field, in
order to calculate the contribution from themselves as shown in Fig. 1(b), one has to perform collinear expansion. In
other words, one should assume ℓq ≈ P/z+ ℓq⊥ , and the linear in ℓq⊥ expansion term when combined with the quark
field from the top blob will lead to the fragmentation correlations Hˆ(z) and Tˆ (z). On the other hand, to calculate
the contribution from the F -type fragmentation correlations as shown in Fig. 1(c), one has to insert a A⊥ gluon in
the Feynman diagram and then convert Aα⊥ to field strength F
+α through a partial integration, which leads to the
F -type fragmentation correlations. In the calculation of A⊥ contributions, since no collinear expansion is involved,
one could set all the parton momenta as collinear to the hadron: ℓq = P/z, ℓq1 = P/z1, and ℓg = ℓq − ℓq1 . To sum
up, the perturbative modifications could be written as
dHˆ(zh, µ
2) =
∫
dz
1
2z4
∂
∂ℓαq⊥
Tr [i γαγ · PK(k, ℓq ≈ P/z + ℓq⊥)]ℓq
⊥
→0 Hˆ(z, µ
2) +
∫
dzdz1PV
(
1
1
z
− 1
z1
)
×
1
2z3z31
Tr [i γαγ · PKα(k, ℓq = P/z, ℓq1 = P/z1)] HˆF (z, z1, µ
2), (14)
dTˆ (zh, µ
2) =
∫
dz
2z4
∂
∂ℓαq⊥
Tr
[
γ · Pǫn¯nS⊥αK(k, ℓq ≈ P/z + ℓq⊥)
]
ℓq
⊥
→0
Tˆ (z, µ2) +
∫
dzdz1PV
(
1
1
z
− 1
z1
)
×
1
2z3z31
Tr
[
γ · Pǫn¯nS⊥αKα(k, ℓq = P/z, ℓq1 = P/z1)
]
TˆF (z, z1, µ
2), (15)
where µ is the factorization scale, K(k, ℓq ≈ P/z + ℓq⊥) and Kα(k, ℓq = P/z, ℓq1 = P/z1) are the hard partonic part
calculated from Fig. 1(b) and (c) without the top blob, respectively. Note we use the same symbols K(k, ℓq ≈ P/z+ℓq⊥)
and Kα(k, ℓq = P/z, ℓq1 = P/z1) for both Hˆ(zh, µ
2) and Tˆ (zh, µ
2) for simplicity, they are different in the calculations
as shown below.
(a)
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k
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ql
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FIG. 2: Contribution from the first transverse-momentum-moment of the TMD fragmentation functions themselves: (a) real
contribution, (b) and (c) virtual contributions.
To the leading order in strong coupling constant αs, the contribution from the fragmentation correlation functions
themselves as in Fig. 1(b) are given by the Feynman diagrams in Fig. 2: 2(a) is the real contribution, while 2(b) and
(c) are the virtual contributions. These diagrams are the same as those when one calculates the evolution kernel for
the leading-twist unpolarized collinear fragmentation function [33, 37], but the actual calculations are very different.
As we have explained above, in our current calculations, a collinear expansion is needed to pick up the linear in ℓq⊥
terms which lead to Hˆ(z) and Tˆ (z); on the other hand, there is no collinear expansion involved in the calculations
for the leading-twist collinear functions. Following the collinear expansion as specified in the first terms of Eqs. (14)
and (15), we obtain the contributions from the real diagram Fig. 2(a):
dHˆ(zh, µ
2)|Fig. 2(a) =
∫ µ2 dk2⊥
k2⊥
αs
2π
CF
∫
dz
z
2zˆ
1− zˆ
Hˆ(z, µ2), (16)
dTˆ (zh, µ
2)|Fig. 2(a) =
∫ µ2 dk2⊥
k2⊥
αs
2π
CF
∫
dz
z
1 + zˆ2
1− zˆ
Tˆ (z, µ2), (17)
where zˆ = zh/z. For virtual diagrams Fig. 2(b) and (c), since now ℓq = k, thus the ℓq⊥ expansion is in fact an
expansion of k⊥. On the other hand, the cut vertices for both Hˆ(z) and Tˆ (z) in Eqs. (12) and (13) depend linearly
5on k⊥, thus after a direct expansion over k⊥ in the cut vertices, one could set all k⊥ = ℓq⊥ = 0 afterwards. The final
results are
dHˆ(zh, µ
2)|Fig. 2(b)+(c) = −
∫ µ2 dk2⊥
k2⊥
αs
2π
CF
∫ 1
0
dz′
z′
1 + z′2
1− z′
Hˆ(zh, µ
2), (18)
dTˆ (zh, µ
2)|Fig. 2(b)+(c) = −
∫ µ2 dk2⊥
k2⊥
αs
2π
CF
∫ 1
0
dz′
z′
1 + z′2
1− z′
Tˆ (zh, µ
2). (19)
Combining above real and virtual contributions, we obtain
dHˆ(zh, µ
2)|Fig. 2 =
∫ µ2 dk2⊥
k2⊥
αs
2π
CF
∫
dz
z
[
2zˆ
(1 − zˆ)+
+
3
2
δ(1− zˆ)
]
Hˆ(z, µ2), (20)
dTˆ (zh, µ
2)|Fig. 2 =
∫ µ2 dk2⊥
k2⊥
αs
2π
CF
∫
dz
z
[
1 + zˆ2
(1 − zˆ)+
+
3
2
δ(1− zˆ)
]
Tˆ (z, µ2). (21)
Let’s now consider the contribution from the F -type fragmentation correlation functions. To the leading order
in αs, the relevant Feynman diagrams are shown in Figs. 3 and 4: the real contributions in Fig. 3 and the virtual
contributions in Fig. 4. As we have mentioned above, calculating the A⊥ contribution (finally related to F -type
(a)
k
l
l
q
g
q1l
(b)
g
q
k
ql 1l
l
1ql
k
l
q
(c)
l
g
FIG. 3: Contribution from the F -type fragmentation correlation functions: real diagrams. The “mirror” diagrams for which
the additional gluon attaches on the left of the cut are not shown, but are included in the calculations.
fragmentation correlation functions) does not involve collinear expansion in the light-cone gauge, we could set all the
parton momenta collinear to the final hadron:
ℓq = P/z, ℓq1 = P/z1, ℓg = ℓq − ℓq1 . (22)
The calculations following the formalism in the second terms of Eqs. (14) and (15) are also straightforward. For the
real diagram contributions, we collect the terms through the color factors: Fig. 3(a), (b), and (c) have color factors
CF , CF − CA/2, and CA/2, respectively. The final results are
dHˆ(zh, µ
2)|Fig. 3 =
∫ µ2 dk2⊥
k2⊥
αs
2π
∫
dz
z
∫
dz1
z21
PV
(
1
1
z
− 1
z1
)
B(zh, z, z1)HˆF (z, z1, µ
2), (23)
dTˆ (zh, µ
2)|Fig. 3 =
∫ µ2 dk2⊥
k2⊥
αs
2π
∫
dz
z
∫
dz1
z21
PV
(
1
1
z
− 1
z1
)
B′(zh, z, z1)TˆF (z, z1, µ
2), (24)
where the kernel B(zh, z, z1) and B
′(zh, z, z1) are given by
B(zh, z, z1) = CF
[
2zh
z
(
1 +
zh
z1
−
zh
z
)]
+
CA
2
[
2zh
z
z2h(z
2 + z21)− zz1(z + z1)
(z1 − z)(z1 − zh)z
]
, (25)
B′(zh, z, z1) = CF
[
zh
z1
−
z
z1
−
zh
z
+
z2h
zz1
+ 2
]
+
CA
2
[
(zzh + z1zh − 2zz1)(zz1 + z
2
h)
(z1 − z)(z1 − zh)z2
]
. (26)
Finally let’s consider the virtual contributions from the F -type fragmentation correlation functions as shown in
Fig. 4. It is important to realize that for all the diagrams (a)-(e) in Fig. 4, we have (follow Eq. (22))
k = ℓq = P/z, (27)
which has no transverse component, i.e., k⊥ = 0. Note the cut vertices used to define both Hˆ(z) and Tˆ (z) depend
linearly on k⊥, see Eqs. (12) and (13). Thus when k⊥ = 0, they vanish. In other words, all these virtual diagrams
6do not contribute. Thus the perturbative modifications for Hˆ(zh, µ
2) and Tˆ (zh, µ
2) receive contributions from only
Figs. 2 and 3. Adding them up, we obtain
dHˆ(zh, µ
2) =
∫ µ2 dk2⊥
k2⊥
αs
2π
∫
dz
z
[
A(zˆ)Hˆ(z, µ2) +
∫
dz1
z21
PV
(
1
1
z
− 1
z1
)
B(zh, z, z1)HˆF (z, z1, µ
2)
]
, (28)
dTˆ (zh, µ
2) =
∫ µ2 dk2⊥
k2⊥
αs
2π
∫
dz
z
[
A′(zˆ)Tˆ (z, µ2) +
∫
dz1
z21
PV
(
1
1
z
− 1
z1
)
B′(zh, z, z1)TˆF (z, z1, µ
2)
]
. (29)
Differentiate both sides of above equations with respect to lnµ2, we obtain the scale evolution equations for Hˆ(zh, µ
2)
g
k
l l 1
(a)
qlq q
l
lq 1
k
l
g
(b)
l
q1lq
k
l g
(c)
1q l
k
l
(d)
l
q
g
qq
l
k
ll 1
g
(e)
FIG. 4: Contribution from the F -type fragmentation correlation functions: virtual diagrams. The “mirror” diagrams for which
the additional gluon attaches on the left of the cut are not shown, but are included in the calculations.
and Tˆ (zh, µ
2) as
∂Hˆ(zh, µ
2)
∂ lnµ2
=
αs
2π
∫
dz
z
[
A(zˆ)Hˆ(z, µ2) +
∫
dz1
z21
PV
(
1
1
z
− 1
z1
)
B(zh, z, z1)HˆF (z, z1, µ
2)
]
, (30)
∂Tˆ (zh, µ
2)
∂ lnµ2
=
αs
2π
∫
dz
z
[
A′(zˆ)Tˆ (z, µ2) +
∫
dz1
z21
PV
(
1
1
z
− 1
z1
)
B′(zh, z, z1)TˆF (z, z1, µ
2)
]
, (31)
where B(zh, z, z1) and B
′(zh, z, z1) are given in Eqs. (25) and (26), and A(zˆ) and A
′(zˆ) have the following forms
A(zˆ) = CF
[
2zˆ
(1 − zˆ)+
+
3
2
δ(1− zˆ)
]
, (32)
A′(zˆ) = CF
[
1 + zˆ2
(1 − zˆ)+
+
3
2
δ(1− zˆ)
]
. (33)
Eqs. (30) and (31) are the main results of our paper. A few comments about these results are provided:
• The evolution equations derived here for both Hˆ(zh, µ
2) and Tˆ (zh, µ
2) are not a close set of equations, as
stand in Eqs. (30) and (31): the evolutions depend on the diagonal pieces Hˆ(z, µ2) and Tˆ (z, µ2), as well as the
off-diagonal pieces HˆF (z, z1, µ
2) and TˆF (z, z1, µ
2).
• It is interesting to notice that the evolution kernel A(zˆ) is the same as that for the transversity fragmentation
function [34], while the kernel A′(zˆ) is the same as that for the unpolarized fragmentation function [33].
• As shown in Refs. [22, 23], both HˆF (z, z1, µ
2) and TˆF (z, z1, µ
2) vanish at z = z1. This might imply that the
off-diagonal pieces could be small, thus the evolution of Hˆ(zh, µ
2) might be close to that of transversity, while
the evolution of Tˆ (zh, µ
2) might be close to that of unpolarized fragmentation function. If this were true, it will
have important consequences on the current global analysis of the spin asymmetries [6, 8]. Of course, whether
the off-diagonal terms play a less important role in determining the evolution of the diagonal terms needs to be
tested from experimental data through global analysis, such as those done in [9, 10].
• It is also important to realize that there is no gluon Collins function, thus Hˆ(zh, µ
2) does not receive contribution
from gluon part. On the other hand, there could be gluon polarizing fragmentation functions [38], from which
the corresponding gluon fragmentation correlation functions could be defined. Thus there could be contributions
from the gluon part to the evolution of Tˆ (zh, µ
2), and these contributions are not studied here.
7III. CONCLUSIONS
We have derived the QCD evolution equations for the first transverse-momentum-moment of the naive-time-reversal-
odd transverse momentum dependent fragmentation functions: the Collins function H⊥1 (zh, p
2
⊥) and the polarizing
fragmentation function D⊥1T (zh, p
2
⊥). These first transverse-momentum-moments correspond to twist-three fragmen-
tation correlation functions denoted as Hˆ(zh, µ
2) and Tˆ (zh, µ
2). We calculate in light-cone gauge the order of αs
evolution kernel for the scale dependence of both Hˆ(zh, µ
2) and Tˆ (zh, µ
2). We find that the evolution of both
fragmentation correlation functions receives contributions from themselves, as well as from the F -type two-variable
fragmentation correlation functions HˆF (z, z1, µ
2) and TˆF (z, z1, µ
2). We find for Hˆ(zh, µ
2) that the diagonal piece
in the evolution kernel is the same as that for the transversity fragmentation function, while for Tˆ (zh, µ
2) that the
diagonal piece is the same as that for the unpolarized fragmentation function. Since the off-diagonal pieces involve
the F -type fragmentation correlation functions which vanish at z = z1, thus they might play a less important role. If
this were true, it will provide important consequences in the current global analysis of spin asymmetries.
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